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Abstract. We introduce and study a notion of algebraic entropy for self- 
maps of finite length of Noetherian local rings, and develop its properties. 
We show that it shares the standard properties of topological entropy. For 
finite self-maps we explore the connection between the degree of the map and 
its algebraic entropy, when the ring is a Cohen-Macaulay domain. As an 
application of algebraic entropy, we give a characteristic-free interpretation of 
the definition of Hilbcrt-Kunz multiplicity. 



1. Introduction and notations 

Iterating a map from a space to itself generates a discrete-time dynamical 
system. One way to measure the complexity of such a system is by using the notion 
of entropy. In dynamical systems entropy is a notion that "measures the rate of 
increase in dynamical complexity as the system evolves with time." ( |161 p. 313].) 
Depending on the type of the underlying space and its self-maps, different notions 
of entropy can be defined and studied. For example, for compact topological spaces 
and continuous self-maps, Adler, Konheim, and McAndrew introduced the notion 
of topological entropy in [T[ and for probability spaces and measure-preserving self- 
maps, Kolmogorov introduced the notion of measure-theoretic entropy in [8] and 
later Sinai improved this notion in |14j . 

In this paper we are concerned with discrete-time dynamical systems generated 
by local self-maps (endomorphisms) of Noetherian local rings. For a Noetherian 
local ring (i?,m), and a local self-map <p of R with the property that ip(m)R is m- 
primary (a self- map with this property is said to be of finite length) , we introduce a 
notion of algebraic entropy and develop its properties. In particular, we show that 
this notion of algebraic entropy shares many properties of topological entropy. To 
describe a number of these properties, let X be a compact topological space with 
a continuous self-map <p and let h top (<p, X) be the topological entropy of ip. (For 
definition of topological entropy see Appendix lAl) It is well-known that ht op (<p, X) 
satisfies the following properties (see [TJ p.p. 311-313]): 

1) For any fceN, h(ip k ,X) = k ■ h(ip,X). 

2) If Y a X is a closed ^-invariant subspace, then h((f \y,Y) ^ h(ip, X). 

3) If / : X — » X' is a homeomorphism, then h(f o (p. o X') = h(ip, X). 
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4) If X = (J™! Yi, where Yj, (i = 1, . . . , m) are closed (^-invariant subsets, 
then h(tp,X) = max {h(tp |Y 4 , Yi) | 1 ^ i ^ m}. 
Now let y be a local self-map of finite length of a Noetherian local ring R, and 
note that if a is an (^-invariant ideal of R, that is, if tp(a)R £ a, then tp induces a 
self-map of finite length of R/a. Denote this induced self-map by Tp. In Section [5] 
we will show that algebraic entropy satisfies the following properties: 
V) For any k e N, K lg (tp k ,R) = k ■ h^tp, fl). 
2') If a is an (^-invariant ideal, then h a \g(Tp, R/o) ^ h a i g (tp,R). 
3') If / : R — > R' is a ring isomorphism, then ha,\ g (f otpof -1 , i?') = /i a ig(y, -R)- 
4') If all minimal prime ideals pi , . . . , p m of R are ^-invariant, and if Jp i is the 
self-map induced by tp on R/pi, then /i a ig(y>, -R) = max \h a x g (Tp il R/pi) \ 1 ^ 
i ml. 

The analogy between conditions 1-4 and 1' - 4' is evident. 

A number of notions in local commutative algebra, that are associated with the 
Frobenius endomorphism and its iterations, currently only make sense in rings of 
positive characteristic (e.g., the Hilbert-Kunz multiplicity). The notion of algebraic 
entropy will allow us to give a characteristic-free interpretation of definitions of 
these notions. (In the case of the Hilbert-Kunz multiplicity, see Definition 13.61 and 
Remark 13.71 ) Thus, using algebraic entropy, these notions may be defined and 
studied in any characteristic and for arbitrary self-maps of finite length. 

The organization of material in this paper is as follows: Section [2] contains some 
preparatory but important facts about length of local ring homomorphisms, that 
will be used throughout the paper. Wc define the notion of algebraic entropy in 
Section|3]and give two examples. In Section@]we develop the first set of properties 
of algebraic entropy. In Section [5] we prove a number of properties of algebraic 
entropy, that are similar to properties of topological entropy. In Section [6] we 
restrict our attention to finite self-maps of domains and explore the connection 
between the degree and algebraic entropy of such self-maps. Finally, in Section [7] 
we find upper and lower bounds for algebraic entropy. The Appendix contains a 
quick review of the definition of topological entropy, as defined in pQ . 

Notations. All rings in this paper are assumed to be Noetherian, commutative 
and with identity element. By a self-map of a ring we mean an endomorphism of 
that ring. For a self-map tp of a ring we will write <p n for the n-fold composition of 
tp with itself. Given a ring homomorphism / : R — » S and an ^-module N, we will 
denote by /* N the i?-module obtained by restriction of scalars. That is, /* N is the 
i?-module whose underlying abelian group is N and whose i?-module structure is 
given by r ■ x = f(r) x, for r e R and x 6 /* TV. This notation is consistent with the 
one used in [5]. If M is an i?-module of finite length, we will denote its length by 
£r(M). For a finite R- module M we will use v(M) to denote the minimum number 
of generators of M over R. For a ring R, the set of all minimal prime ideals of R 
will be denoted by Min(i?). Finally, if tp is a self- map of a ring R, we will denote 
the self-map induced by tp on Spec(i?) by a tp. 

2. Preliminaries 

Definition 2.1. A homomorphism / : (R, m) — > (5, n) of Noetherian local rings 
is said to be of finite length, if it is local and f(m)S is n-primary. In this case we 
define the length of /, A(/) e [1, oo) as A(/) := e s (S/f(m)S). 
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Remark 2.2. Every finite homomorphism is of finite length, but the converse is 
not true. 

Proposition 2.3. Let / : (R, m) — > (S,n) be a homomorphism of finite length of 
Noetherian local rings. If q is an m-primary ideal of R, then f(q)S is n-primary. 

Proof. Let p be a minimal prime ideal of f(q)S. Then 

qc/- 1 (/(q)5)er 1 (p). 

By assumption q is m-primary, so we must have / _1 (p) = m. But then p 3 f(m)S. 
Since f(m)S is assumed to be n-primary, it is immediately clear that p = n and the 
result follows. □ 

Corollary 2.4. Suppose / : (-R,m) — * (S,n) and g : (S,n) — > (T,p) are homomor- 
phisms of finite length of Noetherian local rings. Then g o f is of finite length. 

Proof. Since / is of finite length, f(m)S is n-primary and since g is of finite 
length, by Proposition 12. 31 q( f(m)S)T is p-primary. Thus (g o /)(m)T is p-primary, 
that is, g o / is of finite length. □ 

Corollary 2.5. Let (R, m) be a Noetherian local ring, let ip be a self-map of finite 
length of R. Then ip n is also of finite length for all n ^ 1. 

Proof. We proceed by induction on n. The statement is true for n = 1 by 
assumption. Suppose the statement holds for n, i.e., suppose ip n is of finite length. 
Then since ip n+1 = ip n o ip, the result follows from Corollary 12.41 and induction 
hypothesis. □ 

Proposition 2.6. Let / : R — > S be a local homomorphism of Noetherian local 
rings with residue fields and ks, respectively, and assume that [/* ks : fen] < 00. 
If TV is an 5-module of finite length, then / + N is an i?-module of finite length, and 

(2.1) £r(J,N) = \f,k s :k R ]-£ s (N). 

Proof. Consider a composition series of N, = A^o £ Ni £ . . . £ N t = N, 
with Ni/Ni-i ~ fcg. This gives rise to a filtration of / + TV, 

= /„ TV c /, TV! c . . . c /, N t = U N, 

with quotients /* TV,//* TV;_i s / + fcg. Thus, Eg uation 12.11 follows . □ 

Proposition 2.7. Let (R,m) be a Noetherian local ring, and let cp be a self-map 
of finite length of i?. Let a be an ideal of R with the property (fi(a)R a a. Let ^ 
be the local self- map induced by tp on R/a. Then Jp is of finite length, and for any 
n e N: 

A{<?") = ^/<»( b » (m)jR a +a]/a ) =^(^ (m)i? + a )- 

Proof. The claim that tp is of finite length quickly follows from the definition 
of finite length. From the commutative diagram 

v n 

R > R 



R/a R/a 



4 



MAHDI MAJIDI-ZOLBANIN, NIKITA MIASNIKOV, AND LUCIEN SZPIRO 



we see immediately ip n (m/a)(R/a) = [(p n (m)R + a]/o. Thus, as (i?/a)-modules 

R/a _ R/a 
Tp n (m/a)(R/a) S [tp n (m)R + a] /a' 

This establishes the first equality. For the second equality we apply Proposition [511] 
to the local homomorphism / : R — » R/a, taking N to be 

R/a 

[(p n (m)R + a]/ a ' 
and noting that [/ + ktR/ a j : kji] = 1, and that as i?-modules 

g/q _ R 
[(p n (m)R + a]/a = (p n (m)R + a' 

□ 

Corollary 2.8. Let (R, m, k) be a Noetherian local ring, and let <p be a finite local 
self-map of i?. Then 

! y«i?) = [^fc:fc]"-A(^). 

Proof. By Nakayama's Lemma 

E) = dim fe « J R/m< J R) = ^« J R/m< R) = l R (v*(R/<p n (m)R)) . 

The result follows from Proposition 12 . 61 if we note that [</j™ k : k] = [</j* k : k] n . □ 

Proposition 2.9. Let / : (R, m) — > (5, n) be a homomorphism of finite length of 
Noetherian local rings. Let M be an i?-module of finite length. Then 

a) M <S)r S is an S'-module of finite length. 

b) In general £ S (M ® R S) ^ X(f) ■ l R {M). 

c) If in addition / is flat, then £ S (M ® fl S) = X(f) ■ Ir{M). 

Proof. We proceed by induction on i R (M). If M is an i?-module of length 
1, then M = R/m and all three parts of the proposition hold because in that case 

is (M ® fl S) = £ s ((R/m) ® R S) = £ s (S/f(m)S) = X(f). 

Now assume that all three parts of the proposition hold for all i?-modules of length 
no, and let M be an i?-module with £r(M) = no + 1. Let M' be a submodulc 
of M such that Ir(M') = 1 and £r(M/M') = uq. Tensor the exact sequence 
— > M' — > M — * M/M' — > with S to obtain an exact sequence 

(2.2) W ® R S M ® R S ^* (M/M') ® R S -> 0, 

As this sequence shows, there is a surjection M'®rS — * ker a — > 0. Since M'®rS is, 
by base of induction, of finite length as an S'-module, so is ker a. As a result, M®rS 
is also an S'-module of finite length, and the above sequence yields £s(M ®r S) ^ 
£s(M'® R S)+e s ((M/M 1 ) ® R S). Now a) and b) quickly follow from this inequality 
by using the induction hypothesis. 

When / is flat, we can put a on the left side of Sequence 12. 2\ and then we 
obtain the equality £ S (M ® R S) = £ S (M' ® R S) + £ s ((M/M 1 ) ® R S). Now c) 
follows immediately from this equality by using the induction hypothesis. □ 

Corollary 2.10. Suppose / : (R,m) -> (S, n) and g : (S, n) — > (T, p) are ho- 
momorphisms of finite length of Noetherian local rings. Then with notation of 
Definition EIU 
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a) In general X(g) ^ X(g o /) < X(g) ■ A(/). 

b) If in addition g is flat, then X(g a /) = A(g) • A(/). 

Proof, a) By Corollary l2~4l Afq o /) < oo. Since g(f(m)S)T c g(n)T, we see 

£ T (T/g(n)T) ^e T (T/g(f(m)S)T), 

that is, X(g) ^ X(g o /). For the second inequality we note that there is a canonical 
T-module isomorphism 

T S 



<?(/(m))T - f(m)S 
Thus, using Proposition 12.91 b 



®S T. 



(2.3) X(g of)=ir <x> s t) ^ A( 5 ) • i s (^) = A( 5 ) • A(/). 

b) If gr is flat, then by Proposition 12.91 c the inequality in Equation 12.31 turns into 
an equality, and the result follows immediately. □ 

3. Algebraic entropy of local self-maps 

The lemma that follows is well-known in dynamical systems (see, for exam- 
ple [H Theorem 4.9, p. 87]). 

Lemma 3.1. Let {a n } and {&„} be sequences of real numbers which satisfy the 
following conditions: 

a) For all neN, a n ,4n 1 and { ^Ja n } is bounded above; 

b) For any n,m e N. a n+m >, a n ■ a m , and b n+m ^ b n ■ b. m , respectively. 

Then the sequences {(log a n )/n} and {(logfe„)/?i} are both convergent. Moreover, 
{(log a n )/n} -> sup{ (log a n )/n} and {{log6 n )/n} -> inf{(log6 n )/n}. 



,'loga„ \ \\ogb n . , 
sup < > (respectively p : = ml -j > ). 



Proof. Let 



Note that by assumption a) a is a non negative real number. Also, by assumption 
b) we have b n ^ (bi) n for all n ^ 1. Thus (3 is also a non negative real number. 
Now for every e > there exists no such that (loga no )/no ^ a — e (respectively 
(log6„ )/no s? ft + e). Given an integer n > uq, let us write n = n^q + r, with 
^ r < no. Then using our assumptions (c) and (a) we have 

&n Q-noQ ' ®r ^ ^noQ ^ (^^o)^ 

(respectively, b n ^ b„ oq ■ b r ^ (b no ) q • b r .) 

From these inequalities we can deduce 

loga„ qn loga„ qn n 

^ ^ ■ (a- s) = — • (a — e) 

n n no n no + r/q 

log&„ ^ qn a log6„ i log6 r ^ qn , a , _ y , logb r 



(respectively ^ ■ -I ^ • (p + e) + 



n n no n n n 



n + r 
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Hence, if we take n large enough so that 

hq a — 2e, ,. . logfe r . „ „ . 
^ (respectively ^ e lor all ^ r < no), 



no + r/q a — e 

n : 

log b 



then we will get (log a n )/n ^ (a — 2s) (respectively, since — — ^ 1, we will get 

n + r/q 

^ ((3 + e)+e = p + 2e.) 



n 

These inequalities together with the definition of a and /3 show that 

log a n log K n 
lim = a and lim = p. 

n—>ac n ra— >cc n 



□ 



Theorem 3.2. Let (i?,m) be a Noetherian local ring, let tp be a self-map of finite 
length of R. Then the sequence {(log X(ip n ))/n} converges to its infimum. 

Proof. We apply Lemma [3.11 to prove this theorem, taking b n = X(f n ). We 
need to verify that conditions of Lemma 13.11 hold. It is clear that X(ip n ) ^ 1. 
Moreover, the inequality X(ip m+n ) ^ X(tp m ) ■X((p n ) holds by Corollary |2.10l Hence, 
by Lemma [Ol the sequence {(log X(ip n ))/n} converges to its infimum. □ 



Definition 3.3. Let (R, m) be a Noetherian local ring, let <p be a self-map of finite 
length of R. We define the algebraic entropy of ip as 

h a i g (tp,R) := hm . 

n-»oo n 

Calling a quantity entropy requires justification. In our case, notable analogies 
between h a i g (f,R) and topological entropy serve to justify our terminology. 

Example 3.4. (Dimension zero) Let (R, m) be a Noetherian local ring of dimension 
zero, and let tp be a local self-map of R. Then R is Artinian and 

1 s£ A(^' 1 ) £(R) < oo. 

Applying logarithm, dividing by n and letting n approach infinity, we see that 
hai s ((p,R) = 0. Thus, the algebraic entropy of any local self-map of a Noetherian 
local ring of dimension zero is 0. 

Example 3.5. (Frobenius) Let (R, m) be a Noetherian local ring of dimension 
d > and of characteristic p > 0, and let tp be the Frobenius endomorphism of R. 
Then, by [H Proposition 3.2, p. 777] 

p nd s= X(>p n ) SC min [t R (R/(y l7 . . . , y d )R)] ■ p nd , 

{Vl,--,Vd} 

where {yi, . . . ,yd} runs over all systems of parameters of R. Applying logarithm, 
dividing by n and letting n approach infinity we see that h a i s ((p, R) = d ■ log p. 



Following a number of ideas of Kunz, in 1121 Monsky defined the Hilbert- 
Kunz multiplicity for the Frobenius endomorphism of Noetherian local rings of 
positive characteristic. He then showed that in this case, Hilbert-Kunz multiplicity 
always exists. It is not easy to compute Hilbert-Kunz multiplicities . It often 
takes on non-integer values. It is not even known whether it is always a rational 
number. Nevertheless, it has become evident through works of various authors, that 
it provides a reasonable measure of the singularity of R. Inspired by Example 13. 5| 
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here we propose a characteristic- free interpretation of the definition of Hilbert-Kunz 
multiplicity. 

Definition 3.6 (Hilbert-Kunz multiplicity). Let R be a Noetherian local ring of 
arbitrary characteristic, and let tp be a self-map of finite length of R. Let 

p(ip,R) := (exp(/i alg (^,i?))) 1/d ' mfl . 
Then the Hilbert-Kunz multiplicity of R with respect to ip is defined as 

(3-1) e HK (p,R):= lim t^CL , 

n->x p(<^, /£) na 

provided that the limit exists. 

Remark 3.7. In the general case, we do not know whether the limit in 13. II always 
exists or not. 

Proposition 3.8. Let (R, m) be a Noetherian local ring, let ip be a self-map of 
finite length of R. If (p(m)R # m, then 

lim - • login (m/<p n (m)R) = h alg (p, R). 

n— tec fl 

Proof. From the exact sequence 

-► m/p n (m)R -> R/ip n (m)R -> R/m -> 

we see that 

l R (m/ip n (m)R) = l R {R/cp n (m)R) - l R (R/m) = t R (R/ v > n (m)R) - 1. 
Since p(m)R jt m, we have A(</>") = i R (R/ip n (m)R) > 2. Therefore 

\ \(p") ^ X(p n ) -\=l R (m/^(m)i?) < X(p n ). 

We get the result by applying logarithm, dividing by n and letting n approach 
infinity. □ 

Definition 3.9 ([4], p. 80). A local self-map <p of a local ring (i?,m) is said to be 
contracting, if for each element x e m the sequence {ip n (x)}i^i converges to in 
the m-adic topology of R. 

Remark 3.10 ([4], Lemma 12.1.4, p. 81). A local self-map p of a Noetherian local 
ring (i?,m) is contracting if and only if ip edlm ^(m) c m 2 , where edim(i?) is the 
embedding dimension of R. 

The following proposition shows that when tp is a contracting self-map in the 
sense of Definition l3.91 then we can compute h a \ s (ip, R) using any ideal of definition 
of the ring. 

Proposition 3.11. Let (R,m) be a Noetherian local ring, let ip. be a contracting 
self-map of finite length of R. Let q be an m-primary ideal of R. Then 

lim - .]ogl(R/<p n (q)R) = h^faR). 

n— >oo n 
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Proof. Since q is m-primary and ip is contracting, by Remark 1 3 . 1 1 1 here is an 
integer s such that (f 3 (va) a q c m. Applying (p n and extending the results into 
ideals of R we obtain 

ip n+s (m)R c tp n (q)R c ip n (m)R. 

Thus 

(A(^")) 1/n ^ (£ R (R/v n (q)R)) 1/n *S ( A (^+*)) [1/(n+s)H(n+s)/ri] . 
We obtain the result by applying logarithm and letting n approach infinity. □ 

4. General properties of algebraic entropy 

Lemma 4.1. Let f : (R, m) — > (S, n) be a flat homomorphism of finite length of 
Noetherian local rings. Let ip be a self-map of finite length of R, and assume that 
ip can be extended to a self-map ip of S, in such a way that the following diagram 
commutes 

R > R 

f / 




Then h a \ g (ip,R) = h a \ s (ip, S). 

Proof. We first show X(ip) < oo. The commutativity of the diagram shows 
that ip must be a local map. By Corollary 12.41 the map / o <p is of finite length. 
Then from the commutativity of the diagram it follows that ip o / is also of finite 
length. Since ip(n)S 3 ip (f(m)S) S and since ip°f is of finite length, it follows that 
ip(xi)S is n-primary, that is, ip is of finite length. 

By Corollary [23] ip n and ip n are also of finite length. Noting that ip n of = fotp n 
and using the flatness of /, by Corollary 12 . 101 we obtain 

A{^") = A(/) • \(<p n )/\(f) = X(f o v n )/\{f) = X(r o f)/X(f) <: X(r) 

< X(r o/) = A(/o^) = A(/).Afo> w ). 

Hence X(ip n ) ^ X(ip n ) ^ A(/) • X((p n ). The result follows immediately from these 
inequalities by taking logarithms, dividing by n, and letting n approach infinity. □ 

Corollary 4.2. Let (i?,m) be a Noetherian local ring, and let <p be a self-map of 
finite length of R. If R is the m-adic completion of R then 

h aig (ip,R) = h aig (0,R). 

Lemma 4.3. Let (R, m) be a Noetherian local ring and suppose ip : R —> R is a 
local self-map of R. Then S := f^\ n> i i P n (R) is a local subring of R with maximal 
ideal n := Hn>i f n ( m )- Furthermore, if a is the ideal generated by n in R, then 
<p(a)R ^ a. If ip is additionally infective, then <p(a)R = a. 

Proof. It is immediately clear that S is a subring of R and that n is an 
ideal of S. To show that n is the (only) maximal ideal of S, consider an element 
s e S\n. Since s $ n, there is an no such that s $ </?"°(m). In fact, since for n ^ no, 
ip n (m) Q (p n °(m), we see that s $ p n (m) for all n ^ no. Hence, there are units 
y„ e R\m such that s = ip n (y n ) for all n > uq. Since s is clearly a unit in R, it has 
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a unique multiplicative inverse s _1 in R. From uniqueness of multiplicative inverse 
it immediately follows that we must have s _1 = tp n (ij~ l ), for all n ^ no- Hence, 
e S, that is, s is also a unit in S. 

To prove the statements about the ideal a, note that by its definition, a has 
a set of generators Xi, . . . , x g e tl. So y(a)i? can be generated by tp(xi), . . . , tp(x g ) 
and it suffices to show that each tp(xi) is in o. Since Xi e n, there is a sequence 
of element y^ n e m such that xi = tp(y^{) = . . . = tp n (yi, n ) = ■ ■ ■ ■ Thus, <^(iEj) = 
V 2 {Vi,i) = ■■■ = tp n+1 (y hn ) = showing that <p(xi) e n c o. 

Now assume that y> is injective. To show <p(a)R = a it suffices to show that 
each is in ip(a). Since e n, there is a sequence of element yi <n e m such that 

Xi = ¥>(j/i,i) = • . • = tp n {yi, n ) = ■■■■ 
Since a;^ = ^(y^i), we will be done by showing that y^i e n. By injectivity of tp, 
we have y^i = tp(y ir2 ) = ■ ■ ■ = ^"^(j/i,™) = ■ • ■ , which means y itl en. □ 

Remark 4.4. Let (R, m) be a Noetherian local ring and suppose tp : R — > R is 
a local self-map of i?. If Hn>i y n ( m ) = (0)i then we see from Lemma [4.31 that R 
contains a field and is equicharacteristic. As noted in [3l Remark 5.9, p. 10], this 
occurs, for example, if tp is a contracting self-map (in the sense of Definition I3.9[) . 

The next lemma shows that any self-map of a local ring of mixed characteristic 
naturally induces a self-map of another local ring of equicharacteristic p > with 
the same algebraic entropy. 

Lemma 4.5. Let (i?, m) be a Noetherian local ring, and let tp be a self-map of finite 
length of R. Let a be the ideal of R defined in Lemma \4-3\ and let Tp be the local 
self-map induced by tp on R/a (see Lemma \4-3\ ). Then 

a) R/a is a local ring of equicharacteristic p > 0. 

b) h a i g (Tp,R/a) = h alg (tp,R). 

Proof, a) With reference to Lemma [4.3i the image of the local subring S of 
R in R/a is a field, because it's maximal ideal n is contained in a and is mapped to 
0. Hence R/a contains a field and must be a local ring of equicharacteristic p > 0, 
as its residue field is of characteristic p > 0. 

b) Note that tp n (m)R 3 a for all n $s 1. Hence, </? n (m)i?+a = tp n (m)R. Thus by 
Proposition 12. 71 A(<^™) = \(tp n ). Our claim quickly follows from this equality. □ 

Proposition 4.6. Let R be a Noetherian ring, and let tp be a finite local self-map 
of R. If we denote the minimum number of generators of the i?-module tp™ R by 
v(tp™ R), then the sequence {(log v(tp™ R))/n} converges to its infimum. We will 
denote this limit by by j/ x - 

Proof. We will apply Lemma T3. II to prove this proposition, taking 

b n = v(tpl R). 

To verify conditions of Lemma 13.11 first note that the inequality b n+m ^ b n ■ b m 
holds because if {xi, . . . , Xt} and {j/i, . . . ,y s } are sets of generators of tp™ R and 
<p™ R over R, respectively, then {tp m (yj)xi \ 1 < i ^ t, 1 ^ j si s} is a set of 
generators of tp™ +m R over R. Therefore 

v{tpl+™R)^ V {tfR).v{ V ™R). 

On the other hand, it is clear that b n = v(tp r ^ R) 1. Hence, by Lemma [3.11 the 
sequence {(logf(<^" R))/n] converges to its infimum. □ 
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Corollary 4.7. Let (R, m, k) be a Noetherian local ring, and let ip be a finite local 
self-map of R. Then v rf = \og[p* k : k] + haig((p, R), where v rf is as defined in 
Proposition 14.61 

Proof. By Corollary EHi/($? = [</?* fc : k T ' The result follows by 

applying logarithm to both sides of this equation, then dividing by n and letting n 
approach infinity. □ 

5. Entropy-type properties of algebraic entropy 

Proposition 5.1. Let (R, m) be a Noetherian local ring, let ip be a self-map of 
finite length of R. Then for any k e N 

Ki g ((p k ,R) = k-h a i s (cp,R). 

Proof. By definition of algebraic entropy 

h a i s {<p k ,R) = Hm(l/n)-logA(/ n ) 

n— >0C' 

= fc. lim (l/(fcn)) -logA(/ n ) 

n— >GC> 

= k ■ h a i g (ip, R). 

□ 

We need the following two lemmas for the proof of Theorem 15.41 

Lemma 5.2 (see pQ, p. 312). Let {«„) and {&„} be two sequences of real numbers 
not less than 1 such that limn^ro (log a n )/n = a and limjj^or (log b n )/n = f3 exist. 
Then 

lim log(a„ + b n )/n = max{a, /3}. 

n— >cc 

Lemma 5.3. Let (i?,m) be a Noetherian local ring, let ip be a self-map of finite 
length of R. Let Oi, . . . , <J S be a collection of not necessarily distinct ideals of R, 
such that for each at, tp(ai)R c Oj. Let Tp and Tp i be the self-maps induced by ip on 
R/Yii a i an d A/di, respectively. Then 

h a i g (p,R/Uiai) = maxj/iaig^^/oi) | 1 < i s$ s}. 

Proof. We proceed by induction on s, the number of ideals, counting possible 
repetitions. The statement is trivially true if s = 1, so suppose s = 2. Without loss 
of generality we may assume 

h alg ('ip 1 ,R/a 1 ) = max{/i a i g (^, i?/oi), /i a i g (^ 2 , R/a 2 )} . 

Since ai<X2 c Oi, we have ai n (oia2 + p n (m)R) = Oia2 + (oi n <p n (m)R). Thus, if 
we apply the Second Isomorphism Theorem to make the identification 

ai + p n (m)R ai 
aia 2 + ip n (m)R ~ oia 2 + (ai n i^ n (m)i?) ' 

then we can write an exact sequence 
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From this exact sequence we obtain 

£ R (R/[a 1 + i p n (m)R\) s= e R (R/[ ai a 2 + p n (m)R]) 

(5.1) = *«(ai/[aia 2 + (ainp n (m)ii)]) 

+ e R (R/[ai + <p n (m)H\). 

Since in the quotient ring i£/(ai0 2 ) the ideal 02/(0102) annihilates 01/(0102), we can 
consider 01/(0102) as a finite [(i?/(oi0 2 )) / (02/(01 02))]-module and as such, there 
is a surjection 

' fl/(ttiQa) V ^ 01 ^ Q 
,02/(0102)/ (01O2) 
If we tensor this surjection, over the quotient ring i?/(ai02) with 

gAfliflg) 
[oia 2 + p n (m)R]/(a 1 a 2 ) 

and then compare the lengths in the resulting surjection, by using Proposition 12. 7\ 
Proposition ^. 61 and the Third Isomorphism Theorem, we can quickly see 

^(oi/[oi0 2 + 01 • <p n (m)R]) sc ^(oi/[ofo 2 + 01 • <p n (m)K\) 

sc t-£ R (R/[a 2 +p n (m)R]). 

Since ^r(oi/[oi02 + (01 n tp n (m)R)]) ^ ^_R(oi/[oia 2 + ai • (p n (m)R]), the previous 
inequality together with Inequality 15.11 yield 

l R (R/[ai + <p n (m)R]) sS i R (R/[ ai a 2 + p n (m)R]) 

sc £ R (R/[ ai + ip n (m)R]) + t ■ £ R (R/[a 2 + ^ n (m)i?]). 

If we apply logarithm, divide by n, and let n approach infinity, by using Lemma l5.2l 
and Proposition 12 . 71 we obtain 

h aig (p 1 ,R/a 1 ) < /i a i g (^,i?/oi0 2 ) ^ ma,x{h a i g (if 1 , R/a!),h a i g (lp 2 , R/a 2 )}. 

This establishes the result for s = 2. Now we assume the statement holds for all s 
with 2 ^ s ^ no, and we show it also holds for s = uq + 1. To this end, we can write 
the product Ui'lt 1 a i 01 our ideals in the form (n"=i a i)(^n +i) an d then apply the 
case s = 2 followed by the case s = no to establish the result for s = no + 1, using 
the induction hypothesis. □ 

The next result shows that if a self-map tp of a Noetherian local ring R 'fixes' 
minimal prime ideals of R, then its algebraic entropy is equal to the maximum 
algebraic entropy of the self-maps that it induces on each irreducible component of 
Spec(fl). 

Theorem 5.4. Let (R,m) be a Noetherian local ring, let ip be a self-map of finite 
length of R. Assume further that for every minimal prime ideal pi of R we have 
p(pi)R cz pi and let Tp i be the self-map induced by ip on R/pi. Then 

(5.2) h alg (<p, R) = max{/i alg (^, R/p,) \ p % e Min(i?)}. 

PROOF. Let Min(i?) = {pi,...,p s } and let o = YiiPi- Then a is contained 
in the nilradical of R, hence a N = (0) for some N. Therefore it is clear that 
h a ig(tp,R) = h a \ g (Tp, R/a N ). But by Lemma [531 

K Xs (jp,R/a N ) = max^aigfo.ityfc) | pi e Min(iJ)}. 

□ 
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Remark 5.5. As we shall see shortly in Proposition [531 under certain conditions, 
when a self-map is integral, a power of the self-map 'fixes' minimal prime ideals. As 
a result, we can apply Theorem 15 .41 to a power of our self- map in this case. We will 
obtain formulas similar to Formula l5.2l in Corollary 15 . 101 and Theorem l5.151 below. 

Lemma 5.6. Let f : (i?, m) — > (S,n) and g : (S,n) — > (i?,m) be homomorphisms 
of finite length of Noetherian local rings. Then h a \ g (g ° /, R) = ^aig(/ ° g, S). 

Proof. Before we begin the proof, it is noteworthy that by |10l Theorem 15.1(i), 
p. 116] the assumptions about / and g imply dimi? = dim 5*. To simplify notations 
we will write tp := g o / and ip := fog. Then ip is a local self- map of R and ip 
is a local self- map of S. Moreover, by Corollary 12. 41 ip and ip are of finite length. 
Writing ip n+1 in the form g o ip n o / and using Corollary 12.101 we obtain 

\(p n+1 )^\(g).\(r)-Kf)- 
By symmetry we also obtain 

A(^ +1 )^A(/)-A(^)-A( 5 ). 

Applying logarithm to these inequalities, then dividing by n + 1 and letting n go 
to infinity, we obtain 

h a \ E (g of,R) = h a i s (f og,S). 

□ 

Corollary 5.7 (Invariance) . Let (R,m) and (S,n) be two Noetherian local rings. 
Suppose / : R — > S is an isomorphism, and let <p> be a self-map of of finite length 
of R . Then h aig (f opo S) = h aig (p, R). 

Proof. It suffices to apply Lemma [5~51 to the following homomorphisms 

fo<p 
R ^5 

r 1 

□ 

Corollary 5.8. Let (R, m) be a Noetherian local ring, let p be a self-map of finite 
length of R. Let a be an ideal of R with the property (p(a)R a a, and write Tp for 
both self-maps induced by p on R/a and R/p(a)R. Then 

h alg (p,R/a) = h a i g (lp,R/>p(a)R). 

Proof. It suffices to apply Lemma [S~B1 to the following homomorphisms 



R/a R/p(a)R 

id 

where tp' and id are canonical homomorphisms induced by <p and identity of R, 
respectively. □ 

Proposition 5.9. Let R be a Noetherian local ring and let p be an integral local 
self-map of R. Let a ip be the self-map induced by p on Spec(i?). Assume that all 
minimal prime ideals of R contain ker p. Then the restriction of a ip to Min(i?) is a 
permutation of the set Min(i?). 
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Proof. Let ip be the map (i?/ker <p) — > R induced by <p. We have a commuting 
diagram 

<p 

R > R 




(R/keup) 

Let q be an element of Min(i£). Then by assumption kert^ <z q, hence 7r(q) is an 
element of Mm(R/kerip). Since <p is integral, there is an element p 6 Spec(i?) such 
that 7r(q) = <^ _1 (p). Thus, q = <^ _1 (p), or equivalently q = 'V(p). We claim that 
p e Min(i?). If p were not a minimal prime ideal of R, then it would contain a 
minimal prime ideal p'. In that case we would have 7r(q) = p^ 1 (p) 2 Tp (p') and 
the minimality of 7r(q) would force !p (p 1 ) = 7r(q). But since <p is integral, there 
can be no inclusion between prime ideals of R lying over 7r(q) [101 Theorem 9.3, 
p. 66]. This establishes our claim that p 6 Min(_R). Thus, we see that 

Min(i?) c a p(Mm(R)) . 

Now, since Min(-R) is a finite set, we must have Min(i?) = a (p (Min(i?)). Hence the 
restriction of a <p to Min(i?) is a bijective map of the set Min(i?) to itself. □ 

Corollary 5.10. Let (i?,m) be a Noetherian local ring, and let tp be an integral 
local self-map of R. Assume that all minimal prime ideals of R contain ker tp. 
Let p be the smallest integer such that a (p p is the identity map on Min(i?) (see 
Proposition 15.90 For each p^ e Min(i?) let Tp i be the self-map induced by p p on 
R/pi. Then 

h aig (<p,R) = - ■ maxihaxgfc, R/pi) \ p t e Min(i?)}. 

Proof. First we should note that since ip is integral, it is of finite length. By 
Theorem |5H 

h a i g (ip p ,R) = max{/i a i g (^ i ,i2/pi) | p 4 e Min(J?)}. 
Now by Proposition 15. II h a ] z (ip p . R) = p ■ /i a i g (v?, R) and the result follows. □ 

Corollary 5.11. Let R be a Noetherian local ring and let <p be an integral local 
self-map of R. Assume that all minimal prime ideals of R contain ker ip. Then an 
element x e R belongs to a minimal prime ideal of R, if and only if (p(x) belongs 
to a minimal prime ideal of R. 

Proof. Let x be an element of R. If f(x) e p for some p e Min(i2), then we 
have x e ip~ 1 (p) and by Proposition 15.91 ip~ 1 (p) e Min(i2). Conversely, suppose 
x e q for some q e Min(i?). Then by Proposition 15.91 there is a minimal prime ideal 
p e Min(i?) such that q = ip^ 1 (p). Hence <p(x) e p. □ 

Corollary 5.12. Let R be a Noetherian local ring and let ip be an integral local self- 
map of R. Assume that all minimal prime ideals of R contain ker ip. If p ^ Min(i?), 
then V5 _1 (p) i Mm(R). 

Proof. This follows quickly from the proof of Proposition 15.91 □ 
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Remark 5.13. If R is a Noetherian local ring and cp is a local self-map of R, then 
for every integer n ^ 1, y> (ker <y9 n ) <z ker</? n_1 <z ker 99". Hence ip induces a local 
self-map of R/ ker ip n . 

Proposition 5.14. Let (i?,m) be a Noetherian local ring, let ip be a self-map of 
of finite length of R. For any integer n ^ 1 let ^ be the local self-map induced by 
ip on i?/ ker <p n (see Remark l5.13p . Then 

a) ftaig (V,R) = h a \ g (p n , R/ ker ip n ) . 

b) For n large enough Tp n : R/ker<p n — > iJ/ker^™ is injective. 

c) If is integral, then so is Tp n (see [5j Chapter V, Proposition 2, p. 305]). 

Proof, a) We apply Corollary 15.81 to the self-map ip n of R, taking ker<^" as 
the ideal o in that corollary. Since <p n (ker ip n )R = (0), we obtain 

h alg (^,R/kerp n ) = h alg (p^,R/p n (kerp n )R) = h alg (p n ,R). 

Now the result follows from Proposition 15. II 

b) R is Noetherian, so the ascending chain ker ip c ker ip 2 <z kerp 3 c ... is 
stationary. Let tiq be such that kertp" = ker ip n+1 for n ^ no. We will show 
that if n ^ no, then : i?/ker<y9 n — » i?/ker<^" is injective. Let x e R/kerip n . 
Saying Tp n (x) = is equivalent to saying <p(x) e ker<^ n , which is equivalent to 
saying x e kerp n+1 . Since ker ip n+1 = kerp n , we see that x e ker</?™, or x = in 
R/kerp n . Thus, Tp n is injective. 

c) We have a commutative diagram 

v 

R > R 



(R/kerp n ) (R/kerp n ). 

Let tt(x) e R/ker<p n be an arbitrary element. Since x e R is integral over the 
subring of i?, it satisfies an equation 

x n + <^(a n _i)x™ _1 + . . . + p(ai)x + <p(oo) = 

with a, e i?, for ^ i ^ n — 1. Applying 7r and using the commutativity of the 
diagram, we conclude 

(n(x)) n + Tp n (7r(a„_i)) (7r(a;))" _1 + ... + p n (n(ai)) n(x) + p n (n(a )) = 0. 

Thus ir(x) is integral over the subring Tp n (R/k&rtp n ) of R/kerp n . □ 

Theorem 5.15. Let (i?, m) &e a Noetherian local ring, let p be an integral local self- 
map of R, and letTp n be the self-map induced by <p on R/kerp> n (see Remark l5.13l) . 
Assume n is large enough so that p n is injective (see Proposition 15 . 14T b) . Let p 
be the smallest integer such that a p p is the identity map on Min(i?/ker</?™) (see 
Propositions 15.141 -c and 15.91) . If if pi e Spec(i?) is such thatp l := (pi/kerp n ) e 
Min(i2/ker ip n ), then <p p (pi)R a pi. Moreover, if we denote the local self-map 
induced by ip p on R/pi by Tp p ,, then 

heigfaR) = - ■ max{h a i E (ip p .,R/pi) \ (pi/kerip n ) e Min(i?/ker <p n )} . 
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Proof. First we should note that since tp is integral, it is of finite length. The 
relation tp p (pi)R a pi quickly follows from the assumption that a lpP is the identity 
map on Mm(R/ kev tp n ) and the following commutative diagram 

v" 

R > R 



(R/kevtp n ) > (R/keitp n ). 



Now, by Propositions 15. 14l a and 15.11 

hdgfaR) = (1/p) ■ h als (TpP,R/kex<p n ), 
and by Theorem 15.41 applied to the ring R/kertp n and its self-map Tp? 

h aiE {TpZ,R/kex V n ) = 

maX { fe3lB (^'S^) 1 ?i = (P^ ker ^) 6 Min(i?/ker^)}, 

where we wrote ^ for the local self-map induced byTpP on (i?/ker tp n )/(pi/ker ip n ). 
Finally, by applying Proposition 12 . 71 two times we can see 



This concludes our proof. □ 

Embedded prime ideals of a ring may not behave as nicely as its minimal prime 
ideals under a self-map. As the next example will show, the image of a non-zero 
divisor under a self-map could land in an embedded prime ideal, and it is possible 
for an element of an embedded prime ideal to be mapped to a non-zerodivisor by 
a self-map. 

Example 5.16. Consider the polynomial ring K[x,y,z,w] over a field K. Let a 
be the ideal (x 2 , xy, xz, zw) and let A = K[x, y, z, w]/a. Then 

Ass(A) = {(x, z), (x, w), (x, y, z)}. 

Define a self-map tp of K[x, y, z, w] as follows 

ip 2 f V ¥ 

xi— > x ; y h-» y, z I— > w; w h-» z. 

Since tp(a) a a, tp induces a self-map Tp of A. The yl-module Tp^ A is finitely 
generated. In fact, it is generated by 1 and x as an A-module. Now, y + w is not 
a zerodivisor in A because it does not belong to any prime ideal in Ass(A). But 
Tp(y + w) = y + z is a zerodivisor in A; it is killed by x, for example. On the other 
hand, y + z is a zerodivisor but is mapped to y + w, which is not a zerodivisor. 

6. Finite self-maps, algebraic entropy and degree 

Another analogy between algebraic entropy hax s {tp,R) and topological entropy 
h top (tp, X) is exhibited by their relation to degree of /. In the topological setting, 
Misiurewicz and Przytycki showed in that if / is a C 1 self-map of a smooth 
compact orientable manifold M, then 

fttop(/,M)^log|deg(/)|. 
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In addition, for a holomorphic self-map / of CP™ , Gromov established the relation 

h top (/,CP") = log|deg(/)| 

in [7J. Here deg(/) is the topological degree of /. In this section we will obtain 
similar relations between algebraic entropy and degree of a finite self-map (see 
Theorem I6.4j) . First, we will make it clear what we mean by degree here. 

Definition 6.1. Let R be a Noetherian local domain, and let ^bea finite self- map 
of R. Then by degree of if, deg((/?), we mean the rank of the R- module tp* R. Note 
that the equality deg(</?' 1 ) = [deg(</?)] n holds for all n e N. 

Lemma 6.2. Let (R.m) be a Noetherian local domain, let if be a finite local self- 
map of R. If q is an m-primary ideal of R, then for n e N 

Proof. Let d = diuiR. By definition of multiplicity 



e(q,<p?R) = lim ■ £ R ( ^ - ) 



l im d s , R v\ 

i— >cc m V * K ip n {q m )R ') 

dl . / „ , R 

lim 



(for the last equality, see, e.g., [2j Exercise 1.18, p. 10]). Now by Proposition 

= [^*:fc] n .ete n (q)J2). 

So e(q, 93™ i?) = [>* fc : k] n ■ e(</> n (q).R). On the other hand (see QH Theorem 14.8, 
p. 109]) 

e{q,tfR) = e(q)-deg(<^), 
and Formula |nH] quickly follows. □ 

Remark 6.3. Formula l6.1l can also be deduced from \17\ Corollary 1, Chapter VIII, 
p. 299]. 

Theorem 6.4. Let (i?, m) be a Noetherian local domain, and let Lp be a finite local 
self-map of R. Then 

a) logdeg(v?) ^ log[y* k : k] + h a i e (<f, R). 

b) If in addition R is Cohen- Macaulay, then 

logdeg(</?) = \og[tp* k : k] + h alg (tp, R). 
Proof, a) Consider a minimal free presentation of the i?-module cp™ R 

R s -> R l -> tp™ R -> 0. 
Localizing this presentation at (0) we can see 

(deg(</?))" = deg(^ n ) = rank R^t = v(ip? R). 
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Now, since by Corollary 12.81 

v(<p? R) = [<p*k:k] n -\(<p n ), 

we obtain 

(degfoOf ^[<p*k:kr-\(<p»). 

We get the desired inequality by applying logarithm, dividing by n and letting n 
approach infinity. 

b) Suppose R is Cohen-Macaulay and let q be an arbitrary parameter ideal of 
R. Then 

\(v n ) = Ir (R/ip n (m)R) sc £ R (R/<p n (q)R) . 
Since R is Cohen-Macaulay (see, e.g., [101 Theorem 17.11, p. 138]) 

l R (R/<p»(q)R) = e(<p n (q)R). 

Whence 

where the last equality holds by Lemma 16.21 Applying logarithm, dividing by n, 
and letting n approach inhnity we obtain 

haig(ip, R) logdeg(</?) - log[<£* k : k\ 

This inequality together with the inequality in part a) yield the result. □ 

7. Bounds for algebraic entropy 

The following definition is inspired by a similar definition given in 1 131 p. 11]. 

Definition 7.1. Let (R, m) be a Noetherian local ring, and let ip be a self-map of 
finite length of R. We define 

v(ip) = maxjfc e N | ip(m)R cz m fe }, 
w((p) = minjfc e N | <= <p(m)R}. 

Remark 7.2. It quickly follows from this definition, that for all n e N 
Thus, we always have v((p n ) ^ w(ip n ). 

Lemma 7.3. Let (i?,m) be a Noetherian local ring, and let ip be a self-map of finite 
length of R. Then for all m,n 6 N the following inequalities hold: 

w(ip n+m ) < w(ip n )-w(ip m ). 

Proof. First note that for any ideal a of R and any n e N we have (see [2j 
Exercise 1.18, p. 10]) 

<p(a n )R = (<p(a)R) n . 

Now, we can write 

<p m+n (m)R = cp m (tp n (m)R)Rc<p m {m v ^ n) )R 
= [w m (m)K\ v{ipn) R<zm v{ipm)v(ipn \ 
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Thus, by definition of v((p m+n ) we must have v(ip m+n ) ^ v(<p n ) ■ v(ip m ). Similariy, 
we can write 

cz tp m ((p n (m)R)R = tp m+n (m)R. 
Again, by definition of w(ip m+n ) we must have w(ip m+n ) ^ w(ip m ) ■ w(ip n ). 

□ 

Theorem 7.4. Let (R, m) be a Noetherian local ring, and let ip be a self-map of 
finite length of R. Then the sequences {(log v(ip n ))/n] and {(log w(ip n ))/n} are 
both convergent. We will denote the limits of these sequences by Vh(f) and Wh(f), 
respectively. 

Proof. We will apply Lemma l37T| taking the sequences {v(ip n )} and {w((p n )} 
as {a n } and {&„} in the lemma, respectively. We verify that the conditions of the 
lemma are satisfied. By Lemma 17.31 and Remark \7.2\ for every n e N we have 

1 ^ [v ( <p)] n ^ v(^) ^ w(<p n ) S= [«#)]". 

Thus, condition a) of Lemma 13.11 is satisfied. Moreover, Lemma 17.31 shows that 
condition b) of Lemma [3.11 is also satisfied. Hence the sequences {\og(v (ip n ))/n) 
and {log(w(ip n ))/n} are both convergent. □ 

Lemma 7.5. Let (i?, m) be a Noetherian local ring with of dimension d, and let <p 
be a self-map of finite length of R. Then 

d ■ Vh(<p) s? ftalg(v, R) ^d - Wh(<p). 

PROOF. Bv Definition 1 7. II we have 

Thus 

£ R (R/m v{ip ^) < \{<p n ) < £ R {R/m w & n) ). 

We consider two cases: v(ip n ) — * oo and v(ip n ) -/* oo. In the first case, if v(ip n ) — * oo, 
then by Remark l7.2l wfy") — * oo, as well, and for large n, the lengths iR(R/m v ( ip )) 
and £u(R/m w ^ p )) are polynomials in v(<p n ) and w(tp n ), respectively, of precise 
degree d, with highest degree terms e{m){v(<p n )) d Jd\ and e(m)(w(<p n )) d /d\. Thus, 
for large n we will have 

Applying logarithm, dividing by n and letting n approach infinity, we see that 
^ d ■ v h (ip) ;i /i a i g (<^, R) ^d - Wh(f) < oo. 

In the second case, when u(<p n ) -» oo, the sequence {v(ip n )} must be bounded. 
Hence, there is a constant c such that 1 ^ v(ip n ) ^ c. Applying logarithm, dividing 
by n and letting n approach infinity, we see that Vh(f) = 0. Now, if w((p n ) —> oo, 
then starting with the inequality 

1 ^ X(^ n ) ^ e R (R/m w ^) 

and repeating the same argument as before, we arrive at the desired inequality 

Vh(<P) = < heigfa) < d ■ w h (tp). 
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Finally if w(<p n ) -» oo, then the sequence {w(<p n )} is also bounded and there exists 
a constant d such that 1 $c w((p n ) ^ d. After applying logarithm, dividing by n 
and letting n approach infinity, we see that Wh(<p) = 0. Since Vh(<p) = as well, the 
proof will be completed by showing h a i s (ip, R) = 0. This follows from the inequality 

1 ^ A(^) < e R (R/m w (^) ^ e R (R/m c ') 
by applying logarithm, dividing by n and letting n approach infinity. □ 

Corollary 7.6. Let (i?,m) be a Noetherian local ring, and let ip be a self-map of 
finite length of R. If w(<p n ) -» oo then h a i g ((f,R) = 0. 

Appendix A. Topological entropy 

A local self-map of finite length of a Noetherian local ring R induces a self- 
map on Spec(i?), as well as the punctured spectrum Ur of R. The complexity 
of the induced map may be measured by the notion of topological entropy that 
was introduced in pQ. The induced map could be as simple as the identity map, 
even when the ring self-map is not identity. For example, when R is of positive 
characteristic p, then the Frobenius endomorphism induces the identity map on the 
punctured spectrum. It is then not surprising that the topological entropy of the 
Frobenius endomorphism is 0, while its algebraic entropy is d ■ logp, as was shown 
in Example 13.51 The following definitions are taken from pQ. 

Let A be a compact topological space. For any open cover U of X let 

N(U) = min{| V | : V is a subcover of U}. 

Note that since X is compact, N(U) is always finite. If U and W are two open 
covers of X, define their join WvWas follows 

U\zW = {UnW\UeU,We W}. 

An open cover W is said to be a refinement of a cover U, written 1A < W, if every 
member of W is a subset of some member of U. 

Definition A.l p. 310). Let (p : X — > X be a continuous self-map of a 

compact topological space X. Then the topological entropy of (p, ht ov (}p, X) is 
defined as follows 

h t0 p(<p,X) = sup h(ip,U), 
u 

where 

hUp,U) = lim - ■ log N ( U v ^(U) v . . . v ip-^^HU)] . 

n—>rsj n \ J 

The existence of the limit in Definition I A. 1 1 was established in Q] p. 310]. 

Proposition A. 2 Property 10, p. 310). If U and W are open covers of a 
topological space X such that U < W and if ip is a continuous self-map of X, then 
h(ip,U) < h(ip,W). 

In applications to algebraic geometry, one can consider topological entropy 
for self- maps of Spec(i?), as well as self-maps of the punctured spectrum Ur of a 
Noetherian local ring R. Note that Spec(i?) and Ur are compact spaces (see [HI 
Proposition 1.1.4, p. 195]). 
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